We discuss the time evolution and matter-wave interference of Fermi condensates on the BEC side of Feshbach resonances for s and p-wave superfluids, upon release from harmonic traps. In swave systems, where the order parameter is a complex scalar, we find that the interference patterns depend on the relative phase of the order parameters of the condensates. In p-wave systems involving the mixture of two-hyperfine states, we show that the interference pattern exhibits a polarization effect depending on the relative orientation of the two vector order parameters. Lastly, we also point out that p-wave Fermi condensates exhibit an anisotropic expansion, reflecting the spatial anisotropy of the underlying interaction between fermions and the orbital nature of the vector order parameter. Potential applications of our results include systems of ultra-cold atoms that exhibit p-wave Feshbach resonances such as 6 Li or 40 K.
I. INTRODUCTION
Matter-wave interference is a very powerful tool to study quantum phase coherence between atomic Bose Einstein condensates (BEC) [1, 2, 3] , and spatial quantum noise of bosons in optical lattices [4] . Similar techniques can also be applied to study Fermi condensates [5, 6, 7, 8, 9, 10] , where superfluidity can be tuned from the BCS to the BEC regime. These experiments may reveal that the time dynamics in the BCS regime is overdamped (large Cooper pairs can decay into two atoms), while in the BEC regime it is essentially undamped (tightly bound molecules are stable) [11, 12] . Matter-wave interference experiments of s-wave Fermi condensates may be readily performed, since stable condensates already exist. For s-wave Fermi condensates in the BEC regime quantum interference effects are expected to be similar to those of atomic Bose condensates, and the interference pattern should depend essentially on the phase difference of the order parameters between two interfering clouds.
In contrast, it is more interesting to study interference effects in p-wave superfluids because of the vector nature of the order parameter. Many groups have reported some progress towards the formation of p-wave Fermi condensates in harmonically trapped clouds [13, 14, 15, 16] and in optical lattices [17] , where p-wave Feshbach resonances have been observed. Similar to the s-wave case, the scattering cross section for p-wave collisions has a peak that rises over three orders of magnitude above the small background cross section near p-wave resonances, thus suggesting a divergence of the scattering parameter (volume). Therefore, matter-wave interference can be potentially observed using Feshbach resonance techniques when two-body dipolar or three-body losses are not too large [17] .
In addition to the diverging scattering parameter (volume), p-wave Feshbach resonances also reveal characteristic features in contrast to s-wave counterparts. These features include splitting of resonance peaks depending on hyperfine (pseudospin) states as in 6 Li and 40 K (i.e., |11 , |12 + |21 , and |22 ) [13, 14, 15, 16, 17] , or splitting depending on angular momentum projections as in 40 K (i.e., the magnetic quantum number m ℓ = 0 or ±1) [14, 17] . These experimentally observed splitting allow the possibility of tuning separately p-wave scattering parameters in different pseudospin and/or m ℓ states, such that the p-wave interaction can be in general anisotropic in both pseudospin and angular momentum states. These additional degrees of freedom are responsible for the much richer matter wave interference phenomena in p-wave Fermi condensates than in the corresponding s-wave case.
Prior and in parallel to experiments the BCS to BEC evolution of p-wave superfluids was discussed in the context of ultra-cold atoms [18, 19, 20, 21, 22, 23, 24] , where the existence of quantum phase transitions was emphasized [18, 19, 20, 21, 24] . However, these works dealt only with zero and finite temperature thermodynamic properties.
In this manuscript, we discuss the time evolution and matter-wave interference of s-wave and p-wave Fermi condensates on the BEC side of Feshbach resonances, and extend our previous work in this area [25] . Our main results are as follows. While in atomic BEC and s-wave Fermi superfluids quantum interference patterns depend essentially on the relative phase of the two clouds, we find that in p-wave Fermi superfluids there can also be a strong dependence on the relative angle between the two vector order parameters, thus producing a polarization effect. This polarization effect is a direct consequence of macroscopic quantum coherence of a large number of molecules, as well as the vector nature of the order parameter. We also discuss the Josephson effect between two p-wave condensates and show that it depends not only on the existence of phase coherence, but also on the relative orientation of the vector order parameter of the two clouds. Furthermore, we also show that p-wave Fermi condensates exhibit an anisotropic expansion, reflecting the spatial anisotropy of the underlying interaction between fermions and the orbital nature of the vector order parameter.
The remainder of this manuscript is organized as follows. In Section II, we discuss the dynamics of Fermi condensates with s and p-wave interactions. In particular, we derive the equation of motion for the vector order parameter of p-wave condensates in the strongly interacting BEC limit. This equation of motion is further discussed in Section III, where the time-of-flight expansion of a harmonically trapped cloud is studied. In Section IV, we describe matter-wave interference of two condensates, and demonstrate that the interference pattern for the p-wave case depends crucially on the relative orientation of the two vector order parameters. In Section V, we relax the restriction of being near the BEC limit by moving towards unitarity and demonstrate that the time-of-flight expansion of a p-wave Fermi condensate is in general anisotropic. Lastly, we summarize our main results in section VI.
II. EFFECTIVE THEORY AND EQUATION OF MOTION
We consider a system of fermions with mass m in two hyperfine states (pseudospins), labeled by greek indices α = 1, 2. The Hamiltonian density is (with = k B = 1)
where repeated greek indices indicate summation, ψ † α (ψ α ) are creation (annihilation) operators of fermions in state α, U ext (r, t) is the time dependent trapping potential, and V αβγδ = V αβγδ (r − r ′ ). The Hamiltonian of the system is then H(t) = drH(r, t).
The generating functional for non-equilibrium processes associated with H(t) is [26] 
where N α is the number operator for fermions of type α, µ α is the corresponding chemical potential, and β = 1/T is the inverse temperature. Here,Û(t,
is the time evolution operator. This expression implicitly implies that the trapping potential U ext is time independent for t < 0, such that the initial condition corresponds to a thermal equilibrium state. This assumption is directly related to experiments where the traps are effectively static before the cloud release. Therefore, the generating functional at any time t 0 < By introducing a complex time τ , the generating functional Eq. (2) can be written as
where the boundary condition (BC) is antisymmetric over the integration contour C of the functional integral (as shown in Fig. 1 ), and S 2 and S 4 are quadratic and quartic action functions of fermionic operators ψ, respectively.
In what follows, we discuss the p-wave case in detail and quote the more standard results for s-wave. To calculate the effective action of the system, we write V αβγδ (ρ) = V (ρ)Γ αβγδ , where in a triplet channel Γ αβγδ = v αβ · (v † ) γδ . The pseudospin matrix elements for the j th component of v are (v j ) αβ ≡ (iσ j σ y ) αβ , where σ j are Pauli matrices. By writing the interaction in this form, we implicitly assume that the interaction is symmetric in pseudospin space with V 1111 = V 1212 = V 2222 . It should be emphasized that this assumption is introduced just for simplicity and the resulting equation of motion is valid for a more general interaction. In fact, the experimental realizations of the polarization effect in mater-wave interference and the anisotropic expansion proposed here rely on the tunability of the interaction in both pseudospin and angular momentum (m ℓ ) spaces. Here, we first consider the simpler case of symmetric interaction, and postpone the general discussion until later in Section IV.
In order to integrate out the fermions, we introduce the field
) and the corresponding auxiliary field d(r, r ′ , τ ). Since the d field depends on two spatial variables r and r ′ , it can also be transformed into the center-of-mass R = (r + r ′ )/2 and relative ρ = r − r ′ coordinates:
where η n,ℓ,m ℓ (ρ) are eigenfunctions of the reduced twobody Hamiltonian
The vector nature of the order parameter d or D can be understood from the pseudospin structure of the pair wave function Ψ pair = g 11 |11 + g 12 (|12 + |21 ) + g 22 |22 . Using the symmetric matrices iσ j σ y , this pair wave function can be represented in the form Ψ pair = id · σσ y , where the components of d are related to the amplitudes g ij through g 11 = −d x +id y , g 12 = d z , and g 22 = d x +id y . Therefore, the direction of d (or D) determines the amplitude of the pair wavefunction in each of the pseudospin triplet channels |11 , |12 + |21 , and |22 . For 6 Li these orthogonal states correspond to the ν = 38 vibrational state of the singlet potential [16] of total electronic spin S = 0, and total nuclear spin I = 1.
For definiteness, we consider a pure p-wave interaction where the ground state is three-fold degenerate (ℓ = 1) and labeled by m ℓ = −1, 0, 1. A rotation of basis from spherical harmonics Y 1,m ℓ (ρ) to p ν=x,y,z with corresponding eigenfunctions η 0,1 (ρ)ρ ν leads to d = ν D ν (R, τ )η 0,1 (ρ)ρ ν at low temperatures, where the higher energy states are not excited. In the BEC limit, Cooper pairs are tightly bound molecules and the relative degrees of freedom ρ can be integrated out leading to an effective action
where
, and the operatorK = i∂ τ −2U ext (R, τ )+∇ 2 R /(4m) corresponds to the action of an ideal non-equilibrium gas of Bose particles with mass M = 2m. This action leads to equations of motion
Notice that this expression is different from the timedependent Gross-Pitaevskii (TDGP) equation for an atomic vector boson field. The difference comes from the last term, which describes a non-unitary complex order parameter of the underlying paired fermions. In contrast, the standard TDGP equation for scalar atomic bosons is obtained in the s-wave case [26] . Equation (6) can be simplified to the TDGP form in two special cases. First, if the atomic hyperfine states |1 and |2 are equally populated with N 1 = N 2 = N (µ 1 = µ 2 = µ) and D is unitary, then D is a real vector with an overall phase, leading to the equation of motion
Second, if only one atomic hyperfine state is populated, then D is non-unitary and D = A(1, ±i, 0), where A is a complex constant. Thus, the last term D · D in Eq. (6) vanishes, and the equation of motion is identical to Eq. (7), with g 0 → 2g 0 . In the following section, we confine ourselves to these two special cases and discuss the time-of-flight expansion of a Fermi condensate upon released from the trap.
III. TIME-OF-FLIGHT EXPANSION OF A HARMONICALLY TRAPPED CLOUD
In order to describe the time evolution of a triplet Fermi condensate, one needs to solve the nonlinear equation of motion Eq. (7), which usually requires special numerical treatment. For simplicity and definiteness, we consider a Fermi superfluid is released from a harmonic trap, i.e.,
where ω j (t < 0) = ω j are constants and ω j (t ≥ 0) = 0. Thus, for t < 0, the system is described by
where µ 0 is the effective boson chemical potential, and
unitary (non-unitary). For dominant Boson interactions the Thomas-Fermi approximation leads to
When this approximation fails the initial condition for the time evolution can be obtained by solving Eq. (9) numerically. For t > 0, we use the transformation R j (t) = b j (t)R j (0), where the scaling factors b j (t) satisfy [27, 28] ,
with A(t) = b x (t)b y (t)b z (t) and initial conditions b j (0) = 1. For a cigar-shaped trapping potential with axial sym-
where R k = R k /b k (t) are scaled coordinates, λ ≡ ω ⊥ t is the dimensionless time, and the phase factor
The result for s-wave is formally identical to that of Eq. (12) with the substitution D j → Ψ, where Ψ represents the scalar order parameter.
In the limit where ε ≡ ω z /ω ⊥ ≪ 1, approximated solutions for b j (t) can be obtained as a power expansion of ε, leading to
where the function θ(λ) in the second term takes the following form
Notice that θ(λ) ∼ ln(λ) as t → ∞, hence the second term in Eq. (14) becomes comparable to the first one when t ln(λ) ∼ ε 2 . For realistic experimental parameters where ε ∼ 10 −2 and ω ⊥ ∼ 10 3 Hz, this condition is satisfied only when t ∼ 10 2 s, which is several orders of magnitude larger than any time scales in current experiments [2, 3] . Therefore, the θ(λ) term in Eq. (14) can be neglected in the following discussion.
It should be emphasized that the scale transformation discussed above is valid under the hydrodynamic approximation, where the collisions between molecules are not playing a crucial role. Furthermore, it is also assumed that the Cooper pairs (Feshbach molecules) are long lived and the damping processes are negligible. With these conditions in mind, we discuss next matter wave interference of two clouds.
IV. MATTER-WAVE INTERFERENCE AND POLARIZATION EFFECT
In this section, we consider first the matter-wave interference of two spatially separated condensates such that the energy barrier between them is large enough to neglect the tunneling effect. Thus, one may write down the total wave function as
where Φ P ∝ i j D j,P σ j σ y denotes the pair wavefunction of Fermi condensate in the left (P = L) or right (P = R) trap. The left and right trap centers lie at (−W/2, 0, 0) and (W/2, 0, 0), respectively, where W is the distance between traps. We consider the case of two identical axially symmetric Fermi condensates with ω ⊥ ≫ ω z . In this case, the time evolution of each cloud is described by
Thus, for a single run of experiment, the particle density where the time dependent phase factor χ(R, t) = S(R + Wx/2, t) − S(R − Wx/2, t) + χ 0 , and χ 0 is the initial relative phase of the two condensates. The result for swave is formally identical to that of Eq. (17) with the substitution D j → Ψ.
When each cloud has the same hyperfine state occupied (e.g. Ψ pair = g 11 |11 ) the D vectors in each cloud have the fixed form A(1, i, 0) and fringes are present in all experimental realizations. This result is similar to the swave case where the order parameter is a complex scalar. However, when both Fermi condensates are in unitary states, D is essentially a real vector with an overall phase, and n(R, t) shows an angular dependence controlled by the dot product term in Eq. (17) . When the two order parameters are parallel, this term is maximal and the interference pattern is most visible (Fig. 2) . But if the D vectors are perpendicular, fringes are absent at all times (Fig. 3) . Therefore, in the unitary case the existence and intensity of interference fringes are very sensitive to the relative orientation of the D vectors.
This sensitivity to the relative orientation of the order parameters and the corresponding polarization effect also manifest themselves in the Josephson tunneling between two condensates. By considering a tunneling process across the energy barrier, the left and right condensates can be described by the modified equations of 
where T jk (R, R ′ ) ≡ T c + T s is the tunneling matrix, with T c and T s are the pseudospin-conserving and nonconserving portions, respectively. In the case where the trapping potential is much smaller than the energy difference between the two hyperfine states, or the time scale of experiments is much shorter than the lifetime of each hyperfine state, the non-conserving tunneling process is negligible, leading to T jk = T (R, R ′ )δ jk . Thus, the Josephson current J is dominated by the pseudo-spinconserving tunneling processes, leading to
(19) Notice that the Josephson current depends crucially on the relative orientation of the two vector order parameters, and acquires a polarization effect as in matter-wave interference. In particular, if D † L (R) · D R (R ′ ) = 0 is satisfied, there is no Josephson tunneling between the two condensates for all R and R ′ . This property is similar to that encountered in Josephson junctions of lattice p-wave superconductors, where the Josephson tunneling current between two p-wave crystals depend on the relative orientation of the vector order parameters [29, 30] . Since the interference pattern and the Josephson current depend crucially on D L and D R , it is important to understand how these vectors can be controlled experimentally. In the discussion above we assumed a symmetric interaction in pseudospin space, i.e., V 1111 , V 1212 and V 2222 were identical. However, experimental results for p-wave Feshbach resonances show a finite separation in different channels [16] implying different interactions in pseudospin space. When the different interaction strengths are absorbed into an effective D vector, an equivalent procedure leads to equations similar to Eqs. (6) and (7). For instance, the p-wave resonances for 6 Li occur at 159G (width 0.4G), 185G (width 0.2G) and 215G (width 0.4G) for the |11 , |12 + |21 , and |22 channels, respectively. By applying a constant plus a gradient magnetic field, the local field at L (R) cloud can be tuned to be 216 (214)G, which is above (below) the |22 resonance. Thus, a sweep down of the constant magnetic field by 30G makes the L cloud cross the |22 but not the |12 resonance, while it makes the R cloud cross only the |12 resonance. In this case, the L cloud is in the BEC regime of the |22 channel, with
. However, the R cloud is in the BEC regime of the |12 channel, with Ψ pair,R ≈ g 12,R (|12 + |21 ) or D R = g 12,R (0, 0, 1). After these initial states are prepared the total magnetic field B(r) (constant + gradient) and the harmonic trapping potential are turned off suddenly (very fast) and simultaneously, as it is standard in experiments [31, 32] , such that the magnetic field does not interfere with the subsequent cloud expansion. Therefore, D † L · D R = 0 and the interference pattern is that of Fig. 3 . More generally, for a given magnetic field gradient one can choose the field each cloud is subjected to by adjusting the relative distance between the clouds, and control the pair wavefunctions (or D vectors).
V. ANISOTROPIC EXPANSION
Until now, we considered Fermi condensates trapped in a harmonic potential only in the strongly interacting BEC limit, where fermions form tightly bound molecules and the internal degrees of freedom of the fermion pairs do not play an important role. However, if one moves away from the BEC limit towards unitarity, the average pair size increases with decreasing interaction strength, and the internal structure of fermion pairs can dramatically change the condensate properties when the pair size becomes comparable to the inter-molecular spacing.
In this section, we discuss the expansion of a harmonically trapped cloud away from the BEC limit (but still on the BEC side of the Feshbach resonance). In such case, the method used to derive the effective action Eq. (5) is not directly applicable, since the internal-degreeof-freedom wave function is no longer localized within a small volume. However, if the trapping potential U ext varies slowly in comparison to the coherence length, a semiclassical approximation can be applied. Within this approximation, one can first derive the effective action in a free space (without trapping potential), and add the potential afterwards. Again, we consider here only two cases: a non-unitary case where fermions are in a single hyperfine state, and unitary cases where fermions are in two equally populated hyperfine states.
In such cases, the quadratic term of the effective action takes the form
Here, we use the basis of spherical harmonics Y 1,m ℓ and define
, and assume that the order parameter is dominated and characterized by the spherical harmonics with either
The coefficients a, c ij , and d in Eq. (20) can be obtained by considering the free space problem and transforming it into momentum space [12] . For a weak trapping potential, the coefficient c
, and the angular average is
For the case where m ℓ = 0, this angular average is anisotropic with κ yy 0 = κ zz 0 = 1/10, and κ xx 0 = 3/5. Here, we choose the x direction to be the quantization axis. Therefore, the coefficient c ij 0 (which is directly related to the Ginzburg-Landau coherence length ξ ij ) is diagonal and anisotropic, hence acquiring a mass anisotropy M i = 2m/c ii 0 . This mass anisotropy reflects the higher angular momentum (p-wave) nature of the order parameter for paired fermions, and it is absent for s-wave Fermi and atomic Bose condensates.
As an example, we consider a p-wave Fermi condensate in an axially symmetric trap where ω x = ω y ≫ ω z , with a magnetic field applied alongx (chosen as the quantization axis) to tune through the Feshbach resonance (see Fig. 4 are split as in 40 K [14, 17] , it may be possible to adjust the magnetic field such that fermions are paired in the m ℓ = 0 (p x ) state only. In this case, the p-wave interaction leads to the formation of p x symmetry pairs, which are more strongly correlated along the x direction (ξ x > ξ y = ξ z or M x < M y = M z ). Thus, it is easier to accelerate the cloud along the direction of lighter mass M x such that the cloud expands faster along the x-direction than along the y-direction, hence breaking the axial symmetry. This anisotropic expansion due to p-wave interactions also occurs for a completely isotropic trap, and it is very different from the anisotropy inversion (in the xz and yz planes) found in axially symmetric traps for s-wave Fermi condensates [33] . The anisotropy inversion is related only to the anisotropy of trapping potential, while the anisotropic expansion discussed here is due to anisotropic interactions.
In Fig. 5 , we show the cloud anisotropy ratio r L = L x /L y as a function of the effective mass anisotropy ratio
The anisotropy effect disappears in the BEC limit as the effective masses become isotropic, but becomes more evident towards unitarity. The values of r M change as a function of the scattering volume a p , and vary from r M = 1 in the BEC limit (a p → 0 + ), to r M = 3 in the BCS limit (a p → 0 − ). Since our theory is valid only on the BEC side where the fermion chemical potential µ < 0, the maximal theoretical anisotropy is reached near µ = 0 (which is also close to the unitarity limit a p → ±∞ [12] ), leading to a 10% anisotropy (r M ≈ 1.1) for trapped 40 K in the p x -state (m ℓ = 0). Investigations on the BCS side (µ > 0) and at unitarity require the inclusion of Landau damping which leads to the decay of Cooper pairs, and are beyond the scope of the present theory [34] . However, even in this regime fermion pairs survive at least initially in time-of-flight experiments for s-wave systems [35] . 
VI. CONCLUSIONS
In summary, we considered Fermi condensates with sand p-wave interactions (e.g. 6 Li and 40 K), and derived the equation of motion for the p-wave case in a vector boson representation on the BEC side of the Feshbach resonance. We derived general equations of motion for the order parameter in the unitary and non-unitary pwave cases, and showed that the equation of motion can be simplified to a similar form as time dependent GrossPitaevskii (TDGP) equation for vector atomic Bose systems, when the superfluid consists of fermions in a single hyperfine state, or in two equally populated hyperfine states. Within these two special cases, we described the time evolution of the vector order parameter approximately by scaling the spatial coordinates, and found that p-wave Fermi condensates behave very different from swave Fermi condensates in the following aspects.
First, the matter-wave interference and the Josephson effect of two p-wave Fermi condensates has an angular effect due to the vector nature of the order parameter. When the dot product of the vector order parameters of the left and right condensates reaches its maximum, the interference pattern is most visible and Josephson current is the largest. However, when the dot product of vector order parameters is zero, the interference pattern disappears and the Josephson current vanishes. This effect is absent in the BEC limit of s-wave Fermi superfluids, as well as in scalar Bose systems. It was also proposed that the relative orientation of the order parameters of two p-wave condensates can be controlled by applying a constant plus a gradient magnetic field which makes clouds cross different Feshbach resonances and prepares the vector order parameters in orthogonal or non-orthogonal configurations. These general considerations were then applied to the specific case of 6 Li, where Feshbach resonances are split into |11 , |12 + |21 , and |22 , depending on the different hyperfine states of the colliding atoms.
Second, we showed that anisotropic p-wave interactions lead to anisotropic effective masses for a given orbital symmetry, as unitary is approached from the BEC regime. Furthermore, for cigar-shaped clouds with axial symmetry, we found that the cloud expansion is anisotropic in the radial plane and expands more rapidly along the direction of smaller effective mass due to the anisotropy of p-wave interactions. We emphasized that this anisotropic expansion is a result of the anisotropic p-wave interactions and occurs even in a completely isotropic trap, in sharp contrast with the standard anisotropy inversion observed during expansion due to anisotropic cloud confinements. In addition, we would like to stress that the anisotropic expansion should occur not only for p-wave, but also for any higher angular momenta (d-wave, f -wave, etc...) Feshbach resonances. Lastly, we pointed out that the orbital symmetry of the order parameter for p-wave condensates can be directly probed through cloud expansions and that a potential candidate for such experiments is 40 K, where p-wave Feshbach resonances are split depending on the internal angular momentum states (ℓ = 1, m ℓ = 0) and (ℓ = 1, m ℓ = ±1).
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